1. Introduction. In studying the motion of a planet about the sun under the action of a disturbing planet the following coordinates are convenient. Let the plane determined by the origin and the tangent to the planet's path at any instant be 7T. Let x, P, N denote respectively the points where a unit sphere about the origin is cut by the x axis, the radius vector to the planet, and the line of intersection of TT and the xy plane. Then let 6 = xN, w -NP f </ > = the dihedral angle between T and the xy plane, and r = radius vector, it being understood that <t> is in the first quadrant and 6 is between 0 and 360°.
If j8 and X denote latitude and longitude respectively, we have for the kinetic energy of a unit particle
(1) IT = /-2 + r 2 (£ 2 + cos 2 /3X 2 ).
But we have the relations sin /3 = sin 6 sin w )
tan (X -6) = cos <j> tan w ) It will be shown that the condition that the velocity be in the plane IT is dT
which in the present case reduces to (4) sin w4> -cos wsin 00 = 0.
If by means of this relation we eliminate <j> from T we get
Now put v = w+6 and T = l -cos </ >, so that
The four coordinates used are r, 0, v, T.
The question now is whether or not we may use Lagrange's equations with this value of T. There are two reasons why it is by no means obvious that we may. In the first place we are using four coordinates and the dynamical system has but three degrees of freedom. In the second place, partial derivatives are involved in Lagrange's equations. Now the partial derivatives of T depend not only on its value but on the way it is expressed. We might, for example, have eliminated ê by means of (4); or we might have assumed a relation altogether different from (4). We shall prove a theorem which shows that, in spite of all this, Lagrange's equations do apply in the present case.
2. Conservative Holonomic Dynamical System. In a conservative holonomic dynamical system with n degrees of freedom let the kinetic energy, T, be given by
the double appearance of i and j denoting summation from 1 to n. The a^ are functions of gi, • • • , q n and we may suppose that aij = dji. Let the kinetic potential be (7) £= r+F(?i,-..,g w ),
and let
With this notation Lagrange's equations are
Suppose that the g t -are related to n+l new variables, fi, • • • , r«+i, by the equations we have If the subscript zero denotes that after differentiation f n+1 is eliminated by means of (14) 
Let us suppose that (14) is so chosen that
It will be seen by Theorem 2A that this assumption is equivalent to saying that (14) is identical with dL' (140 = 0.
From (15) and (16) (15) and (16). It is no longer an identity, however, since it holds only by virtue of (16), that is, of (14). In other words (14) is deducible from equations (17) and may be used in place of any one of these. We can now state the following theorem. The proof of these conditions is immediate. Since L contains qi and hence r s only through T f (16) becomes (160 (--) -0.
By (6) and (9) we have 4. Geometric Aspects of the Theory. In this section we confine ourselves to the case n = 2. The discussion will also apply to the case in which all but two of the qi are not changed by the transformation. If
then T may be regarded as the kinetic energy of a particle of unit mass constrained to move in a surface whose metric is
At any point P of the path w of the particle in this surface construct a geodesic G tangent to w. Let G cut any fixed directed curve r at N, and let O be a fixed point of V. Let m = ON, measured along r, r 2 = NP, measured along G, r 3 = angle between Y and G. The equations of 7r, qi -q%{t), are found by solving the given dynamical problem, while g* are direction numbers of the tangent to ir. The relations between qi and r z are
If ri and r 2 are held fast, these are the equations of a geodesic circle, C, with center at N, and dqi/drz are direction numbers of the tangent to C. Now C is perpendicular to G and hence also to 7T. The latter fact is expressed by the equation Conversely if (26) holds, G will be tangent to w. These results may be stated as follows: Also, ri t r 2 , rz are obtained from the equations
where the double prime denotes that the kinetic potential is expressed in terms of r u r 2 , r S} h, h. 5. Examples. For a unit particle constrained to move in the #;y-plane, we have 2T = x 2 +y 2 . Let P be the point (x, y), N a point on the x-axis, and O the origin. Put z = ON, p = NP } <i> = XNP. Then x = z + p cos <£, y = p sin <j>.
If NP is to be tangent to the path of the particle, we must have by (27) . Using (27) we get
It may be remarked that since (25) is linear and homogeneous in ji, T" will always be a perfect square when n = 2. If F is the force function expressed in terms of z, p, 0, the equations of motion are, by Theorem 4,
If we multiply these equations by p, -p cos 0, sin </> respectively and add we obtain (27). The total order of these equations appears to be five, but it is in reality only four since a first integral can be obtained from a linear combination of them without any integration. If the reader wishes to carry through the integration for the case F= -gy= -gp sin 0, he will see that only four arbitrary constants enter. The force function suggested is that due to gravity.
A second example is that given in the opening section. A careful comparison of this example with the theory is suggested. No satisfactory geometrical interpretation has been found except for the case p = n -1. This includes also the case p<n -l, provided that n -p -1 of the original coordinates are not affected by the transformation. For example, in the case discussed in the first section n = 3 and p = 1 and there was one coordinate not affected by the transformation. The geometrical interpretation for p = n -1 is similar to that for w = 2, p = l. If
(i,j = 1, 2, • • • , »), then T may be regarded as the kinetic energy of a unit particle moving in a space* of n dimensions whose metric is But these are necessary and sufficient that (bT\ ( )s0, (5 = » + l,-..,2*-1) \d/Vo so that equations (29) will hold.
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